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FOREWORD 

Education in Maryland public schools is based upon the 
premise that we have a responsibility to develop in all 
youth a common educational literacy. Mathematics is a basic 
subject in this general educational heritage. Mathematics 
has much to contribute to an understanding of a world which 
is changing constantly. Scientific, industrial, and sociolog- 
ical change is the rule of the day. Whole categories of jobs 
disappear and entirely new types of jobs appear. Mathematics 
courses need to provide youth with a broad base of mathemat- 
ical abilities to enable them to adapt to this world of change. 

Many of today's young people who do not go on to col- 
lege limit their mathematical training to those courses which 
are termed "general mathematics." For the most part these 
youths are least equipped to face the changing world. It is 
imperative that these courses be taught in a manner which 
will maximize the mathematical flexibility as well as the 
mathematical skill of the pupils. 

It is, therefore, most appropriate that efforts be 
increased to improve the content and instruction in general 
mathematics. We are very happy to provide this Handbook as 
one step toward encouraging such improvement. 
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PREFACE 



During the summer of 1966 a committee of Maryland 
teachers met at the invitation of the State Supervisor of 
Mathematics. In response to suggestions made by many local 
supervisors, the committee was ashed to prepare some mater- 
ials which would aid the teacher of non college-bound pupils. 
This publication is the result of the effort put forth by 
that committee. The industry and efficiency of the committee 
can easily be seen in the comprehensiveness and quality of 
the material contained herein. This handbook was written 
with the hope that it would be of interest and of some 
assistance to many teachers in every school system in the 
State of Maryland. 

It is appropriate that we acknowledge the following 
people who have contributed so much to this publication: 
Committee Chairman 

Mrs. Floretta Fyhr, Mathematics Department Chairman, 
Northern High School, Baltimore City Public Schools 
Committee Members 

Mr. James G. Coury, Mathematics Department Chairman, 
Loch Raven Junior High School, Baltimore County 
Public Schools 

Mrs. Mary Anne Martell, Vice- Principal and Teacher, 



St. Johns Lane Elementary School, Howard County 
Public Schools 

Mr. Thomas E. Banfield, Department Chairman and 
Resource Teacher, Parkland Junior High School, 
Montgomery County Public Schools 
Mr. Thomas E. Rowan, Mathematics Supervisor, Maryland 
State Department of Education 
Consultants 

Dr. Max A. Sobel, Mathematics Professor, Montclair 
State College, Montclair, New Jersey 
Mrs. Patricia A. Johnson, Mathematics Supervisor, 
Montgomery County Public Schools 
Dr. James A. Henkelman, Mathematics Professor, 

University of Maryland, College Park, Maryland 
Mrs. Louise Watkins, Science and Mathematics Supervisor, 
Howard County Public Schools 
Mr. William Gerardi, Mathematics Supervisor, Baltimore 
City Public Schools. 

A note of thanks is also extended to supervisors, 
teachers, and others who contributed both formally and 
informally during the preparation of this publication and 
to the Howard County Public Schools for the use of facili- 
ties in their Board of Education. 

• • • 
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INTRODUCTION 



Exponents by Discovery 



Repeat 












Total 




123456789 10 









Duplicate enough of this type of card so that each 
student will have several in his possession. These cards 
can represent order forms received from the purchasing 
department by the shipping department. The shipping clerk 
at a factory receives 3 of these cards from the purchasing 
department, marked as shown. 



A 



Repeat 










X 

X 


Total 




123456789 10 









2 



B 



Repeat 






x i 

X 


Total 


123456789 10 







C 



Repeat 






X 

X 


Total 


123456789 10 


. 





He immediately marks "9" in the space under the word 
total on card A, "25" on card B, "36" on card C. He hands 
the cards to a stockboy who has no difficulty in filling the 
order because he simply looks at the number in the space 
under total. Sam is a very ambitious stockboy and would 
like to be promoted as quickly as possible. However, one 
requirement for promotion is to be able to interpret the 
cards correctly so that he may fill in the total on the 




cards when received. 



3 



During the shipping clerk's lunchbreak, a rush order 
came to the stock room. The card looked like this. 



Repeat 










RUSH 

X 

X 


Total 




123456789 10 









Can you assist Sam in filling the order? 

*If the students cannot help Sam, they should review 

several other order cards to see if they can discover how 

the x's over a number influence the total. 

This should lead the class to discover that 

2 

7x7= 49. This could be written as 7 =49 now or later. 



x 



4 

— J indicates 



If you were Sam and received a card with 



/* 

x 

x 

7 



, could you fill 

x \ 



the order? Continue this line of questioning by putting 



\ 



X 

X 

X 



2 

and asking the class for a total. Could you order this same 



amount another way? [x| For a variation in this lesson, 

4i 



prepare cards giving the total and have the class place x's 
in the correct position . (See figure on next page.) 



Repeat 








Total 


123456789 10 


64 





Other suggested uses for 'these cards: 
a) 



2(3 2 ) = 18 



Note: The number in the repeat column indicates 

a double order, triple order, etc., depend- 
ing upon number appearing there. 



Repeat 






2 




X 

X 


Total 




123456789 10 


18 







b) 



Repeat 










X 

X X 


Total 




123456789 10 


14 







3 2 +5 = 14 



Repeat 




3 


X X 

X X 


Total 


123456789 10 


195 





3(4 2 +7 2 ) = 195 






Properties 

How about trying this series of problems to motivate 



lesson on properties 


9 

* 




Directions: Insert operation symbols in the squares, and 


use grouping 


symbols to make each statement 


true. 


Problems: 




Sample answer: 


1) 4Q 4D 4 = 


0 


1) (4 Q 4) 0 4 = 0 


2) AD 4D 4 = 


12 


or 


3) 4 □ 4 □ 4 = 


5 


4 X (4 Q 4) = 0 


4) 4D 4D 4 = 


4 




5) 4 D 4CI 4 


2 




II 

□ 

□ 

vD 


1 

4 




7) 4 0 4 n 4 = 


32 




8) 4IU 4D 4 = 


1 

2 




9) 4 d 4 0 4 = 


64 




10) 4 HU 4 0 4 = 


-3 






6 



Use this table to review the operations for integers 
following the same directions given previously. 

1) 8 ED 2 [U 6 = 12 

2) 6 D -3 0 2 = -36 

3) 7 D -lQ-10 = -17 

4) 12 [U 10 □ 3 = 6 

5) -9 □ 2 □ -6 = 3 

6) 12 □ 10 Q 3 = -1 

7) 8 □ 2 Q 6 = -4 

Magic Squares 

This is an interesting way to review the concepts of 

addition and subtraction. 

To make a magic square, we must place a different 
number in each cell in such a way that the sum of every 
horizontal row of cells, the sum of every vertical column 
of cells, and the sum of the diagonals will add up to the 
same number. Magic squares may be made that have an odd 
number of cells or an even number of cells • Following are 
the directions for constructing a 9-celled magic square, 
using the numbers from 1 to 9 inclusive. 



3 



7 



Directions: 

1. Draw a square with 9 cells. 




8 


1 


6 


3 


5 


7 


4 


9 


2 



Magic Square I 



2. Place the number 1 in the middle cell of the top 
row. 

3. By moving diagonally up to the right we begin to 
fill in the other spaces, but this puts us out 
of the square. When this occurs we simply drop 
to the last cell in that column or row* 

4. Moving diagonally from 3 up to the right, we find 
ourselves in a space that is already occupied. 

When this occurs, go 1 ack to starting point (3) and 
put the number 4 in the cell below the 3. This 
rule also applies if you move out of the square 

on a diagonal. 

5. Continue until all cells are filled. 

Ask the class to observe anything unusual resulting 
from the arrangement of the numerals. It should be apparent 
to the student that the sum of the numbers of each row is 15; 



o 



each column sum is 15; each diagonal sum is 15. 



The 9-celled 



magic square is made with 9 consecutive numerals. To change 
the square, each numeral in Magic Square I may be increased 
by the same numeral. If each number in Magic Square I is 
increased by 1, the result is Magic Square II. 



9 


2 


7 


4 


6 


8 


5 


10 


3 



Magic Square II 

Using this method, squares can be made for class use by 
omitting numerals in certain cells. 



25 


B 


23 


20 


22 


24 


it 


26 


(§ 



Magic Square III 

This square was constructed by increasing each numeral in 
Magic Square I by 17. 

One can make more difficult magic squares using 



16 cells, 25 cells, etc. 



9 



To construct a magic square containing 16 cells 
(see below) we do the following: 




Magic Square IV 



Figure 1 



First: 

Draw two diagonals in the square. Any cell which 
contains a diagonal is left without a numeral at this time. 
Start in the upper left-hand corner and count consecutively 
across the first row, then across the second row, etc., 
inserting numerals in the cells which do not contain a 
diagonal (see Figure 1) . 

Second: 

To complete the cells which contain diagonals, start 
again in the upper left-hand corner with 16 (since last cell 
counted in step one was 16) and count backwards across the 
first row, then across the second row, etc., as shown in 



Figure 2. 



Magic Square IV 





Figure 2 



16 


2 


3 


13 


5 


11 


10 


8 


9 


7 


6 


12 


4 


14 


15 


1 



Figure 3 



The completed square will look like Figure 3. 

By omitting several of the numerals in the magic 
square, the students may be motivated to discover the pat- 
tern at the same time that they are reviewing the addition 
and subtraction facts. 

Magic squares of 25 cells, 49 cells, or any odd num- 
ber of cells may be made by following the same directions 
given for the square of 9 cells. Even-numbered magic squares 
beyond 16 are possible to make but because of the difficulty 
of making them, such squares are not included herein. 

Further variations of magic squares can be found 



later in this text. 



IX 



Mathematical Capers 

1) Play this short and easy game called Ten. 

Object of the game : The first person to arrive at the 

number 10 is the winner. 

How to begin ; Tell the s « udents that you will always 
get to 10 before any member of the class. 

Rules : Number of players: 2 

Player A begins counting by saying 1 or (1, 2) . 
(No player can say any more than two consecutive 
numbers.) Player B responds by saying the next 
one or two consecutive numbers. 



Example 



Player A 

says > 1 

4 



6,7 



10 



Player B 

says > 2,3 

5 

8,9 



How to win : The magic numbers for winning are 1, 4, or 

7. The class should enjoy trying to discover 
the reasons why Player A can always be the 
winner. A variation of this game will be 



found with Natural Numbers. 



1 



12 

2) Find the number of brothers and sisters a student 
has. (We assume here that no pupil has more than 
10 brothers and no more than 10 sisters.) 

1. Write down the number of brothers you have. 

2. Double it and add one. 

3. Multiply this by five. 

4. Add the number of sisters you have. 

5. Tell me your result. 




When you hear the result, subtract 5 from it and you 
will have the number of brothers and sisters. 

Example : His result is 17; subtract 5 and you get 12; 




the tens digit is brothers and the units digit 
is sisters (1 brother and 2 sisters) . 
Explanation of why this works : 

Let x » number of brothers 
y = number of sisters 



1. x 

2. 2x 

3. 2x + 1 

4. 5(2x + 1) or lOx + 5 

5. lOx + 5 + y 

6. Solution: 

lOx + 5 + y - 5 
lOx + y 
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Nomographs Can Be Fun 

This is a novel way to teach the operations of 
addition and subtraction. 

Directions for making a nomograph for addition and 
subtraction: 

1. Draw three vertical lines on a piece of regular 
graph paper with equidistant spacing. 

2. Label the lines A, C, and B as shown in the 
diagram below. 

3. Label scales A and B choosing a convenient scale. 

4. Fill in scale C by adding scales .A and B together 
at each level. 

(Note: Scale C will be a doubled scale A or B.) 

A C B 






How to Use the Nomograph 



To add 2 + 6 on a nomograph place a straight edge on 
the nomograph that passes through point 2 on scale A and 
point 6 on scale B. The straight edge will pass through the 
answer on scale C. 

To subtract 9 from 12 on a nomograph place a straight 
edge on the nomograph that passes through point 12 on the C 
scale and point 9 on scale A. The straight edge will pass 
through the answer on scale B. 

Why the Nomograph Works 

A C B 




Using the example 3+5=8 and looking at the figure 
that is formed, we see that it is a trapezoid. Since the 
nomograph is constructed with three vertical lines spaced 
equidistant apart, scale C is actually the median of this 
trapezoid. From the theorem: "The median of a trapezoid is 



15 



equal to one-half the sum of the two bases," we have 
(A + B) 

C s — L . However, scale C is double scales A or B/ 

therefore, the equation would become C =• ^ X 2 or 

when simplified, C - A + B. 

NOTE: for a class which has little success with the 

fundamental skills, this device could serve as a crude "slide 
rule: which pupils might be permitted to use on occasion. It 
could provide opportunities for success despite severe skill 
handicaps and could also permit focusing on pupil strengths 
despite the weaknesses which usually camouflage them. 



Discovering Patterns 

Searching for patterns can make a mathematics class 
interesting for the teacher and the student. 

A. Find the patterns: Answers for A 



1 . 



1 


2 


3 


4 


7 


10 


N 


7 


10 


13 






34 





16, 



(1 and 2) 
25, 3N+4 



4 


5 




10 


14 


20 


N 


17 


26 


37 











6 

101 , 



197, 401, 



n 2 +i 



2. 



16 



3. Complete these processes: 



1 x 8 + 1 a 9 



12 x 8 + 2 = 98 



123 X 8 + 3 » 987 



1234 x 8 + 4 = 9876 



12345 X8+ 5= 



123456 x 8 + 6 - 



1234567 X 8 + 7 = 



12345678 x 8 + 8 = 



123456789 X 8 + 9 = 



B. Free style pattern searching: 



Answers for 1 



1 . 



Rule: 



x+y 


9 


13 








3 




X 


6 


9 


8 


8 






10 


y 


3 






2 


2 




7 


x-y 


3 




4 




3 


0 

1 


I 



12 , 10 , 




5, 6, 3 



7, 



17 



2. In this exercise the student must discover the 
rule in order to complete the blanks. (Hint: 
this has a procedure similar to that of 1.) 



o 
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Rule: Answers for 2 

x, 8, 21 

- 1 

y. 7. - 

3 

xy, 12, - 

(x-y) , 1, 18, -4, “ 
(x*y), 7, ^ 

(x+y) , 15, 24, 8, ^ 



X 


9 






A 


2 

4 


y 


3 




3 


6 






27 


56 


63 








6 












3 


8 

7 






2 

2 




12 
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CHAPTER I 



POINT OF VIEW 

During the past ten years a great amount of attention 
has been given to writing mathematics curriculum materials 
for college-bound pupils. At the same time, relatively 
little has been said about the non college-bound pupil in 
the mathematics class. The present picture is made somewhat 
brighter for these pupils because the amount of attention 
being accorded them has been increasing. It can accurately 
be said that the teacher of academic mathematics has many 
sources from which ideas and information can be drawn, but 
the teacher of general mathematics has few sources of sug- 
gestions. It is hoped that this handbook will serve as one 
step on the path toward meeting this need. 

The reader should be aware of what this handbook is 
and is not attempting to do. It is not a mathematics text 
or course guide in any sense of these terms. Those who will 
be using the handbook will be following a variety of guides. 
It is not a handbook for teaching mathematics to "slow 
learners," "underachievers," or "remedial classes," although 
it has something to offer in each of these cases. v The goal 
was to prepare a booklet of ideas and approaches to mathe- 
matics for all teachers of general mathematics. It is known 
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that characteristics of pupils in these classes will vary 
widely. Some of them will have better than average ability; 
some will have far less than average ability. Some will be 
motivated; others will lack all signs of motivation. We 
have endeavored to provide ideas which may be useful, in 
some form, with any of the very different pupils who make 
up general mathematics classes. Some of the material in 
the form in which it appears in this handbook is more appro- 
priate for the slow pupil than for the average or above aver- 
age. Other parts may be more suitable for the average pupil. 
Most of the ideas can be adapted with very little modifica- 
tion to either group of pupils. 

It is a fundamental premise of this handbook that the 
general mathematics student, particularly the slow learner, 
is not so drastically different from other mathematics stu- 
dents as one might be led to believe by some things which 
have been written in recent years. General mathematics 
texts in the past have often contained very little mathemat- 
ics. They have dwelt primarily on arithmetic and its social 
uses. There is often a tendency to associate general mathe- 
matics classes with problems related to discipline, learning 
difficulties, lack of motivation, etc. While these problems 
may occur more often in general mathematics classes, they 
can occur in any class given the proper circumstances. 



20 

Perhaps there is truth in the statement that able pupils can 
learn despite poor teaching techniques, but less able pupils 
require the most competent instruction. We need to get the 
finest possible teachers in all mathematics classes, general 
or academic. An adequate knowledge of the subject matter 
and creative teaching are as vital in general ma theme tics as 
in academic classes. The tendency to assign poorly prepared 
or inexperienced teachers to general mathematics classes 
probably contributes much to the creation of the problems 
which so many have come to accept as typical of general 
mathematics classes. 

A laudable trend is one that requires all the mathe- 
matics teachers to share the load of general mathematics 
classes. Each teacher should be willing to accept the chal- 
lenge to be at his very best as a teacher for one or two 
class periods per day. Class size should be kept small in 
general mathematics classes, even at the expense of larger 
class sizes in academic sections if necessary. General 
mathematics classes should not exceed 25 pupils with 20 as a 
more appropriate figure if possible. 

Although the point of view has been expressed that 
general mathematics classes are not drastically different 
from other mathematics classes, it is probably appropriate 
to call attention to the fact that lower ability pupils tend 
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to have shorter attention spans than do their more able 
peers. Therefore, teachers should provide greater variety 
and novelty in the lessons planned for these pupils. 

Although students in all mathematics classes need consider- 
able practice in the skills they are trying to master, teach- 
ers should not rush blindly into long, dull drill sessions 
which completely ignore the factor of short attention spans. 
Drill can be made stimulating through thoughtful planning. 

It is hoped that this handbook will encourage and suggest 
approaches to this thoughtful planning. A serious effort 
has been made to provide a number of unique and interesting 
ideas which may motivate the learner and provide a great 
deal of useful practice. It is not expected that a class 
would completely subsist on a steady diet of recreational 

mathematics, but much good can be made of it. 

Another suggestion that merits attention is that gen- 
eral mathematics classes should have daily lessons which are, 
if possible, relatively independent of each other. Such 
variety is particularly important for the less able pupils. 
These pupils have a shorter attention span, lower retention, 
and higher absence rates than do the able pupils. Carefully 
constructed, independent lessons can help minimize the 

adverse effects of these factors. 

Finally, it is always important for students to have 
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a successful experience with mathematics. Many general 
mathematics students have already failed in mathematics 
several times. The teacher should provide a chance for 
these students to succeed. Material such as that which is 
found in this handbook can be helpful in providing these 
opportunities . 

It is hoped that all who read this handbook will find 
something interesting and useful in it. It is also hoped 
that each teacher will constantly turn to the many other 
sources of ideas and information which are now becoming 
available in the area of mathematics for the non college- 
bound pupil. Many adults today are inadequately trained in 
mathematics and they readily admit a genuine dislike for the 
subject. Given the best opportunity for success in mathe- 
matics, the next generation should have a better understand- 
ing of it and, even more important, a better attitude toward 
it. 




CHAPTER II 



NATURAL NUMBERS 

The purpose of this section is to establish an under- 
standing of the term "natural number." The term itself may 
or may not be used; if the student does not choose to use 
"natural” number, then use "counting" number. Do not use 
"whole" number. 

Concrete items such as desks, chairs, and students 
should be counted by the students. This activity may suggest 
the name "counting” number. This is a good opportunity to 
introduce set notation if applicable to your class. 

A. Use of natural numbers in a number game . 

1) Name of game "First to 100 Wins." 

2) Rules : 

a) Two players only. 

b) First player mentions a natural number not greater 
than 10. 

Second player mentions a natur'O number not 
greater than 10 and adds thi~ to first player's 
number . 

c) This goes on until 100 is reached by one of the 
players . 

23 
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A method that will guarantee your winning 
every time is based on the "hey" numbers: 

12, 23, 34, 45, 56, 67, 78, and 89. If the 
player chooses 4, the second should add 8 which 
places him on "key." You can probably see that 
when the second player reaches "key" number 

89 there is nothing the first player can do 
about reaching 100. 

4) If you wish to vary the game, this mathematical 
formula will give you the key numbers: x-(n+l). 
The x represents the winning number and n the 
number that can be added each time. In the game 
just played x = 100 and n - 10. Therefore, the 
keys are 100-11 = 89, 89-11 = 78, 78-11 = 67, 
67-11 = 56, 56-11 - 45, 45-11 = 34, 34-11 = 23, 
23-11 = 12. 

Plaver A Player B 



1 says : 



12 


22 


23 


32 


34 


41 


45 


55 


56 


57 


67 


76 


78 


80 


89 


93 


100 
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B. Computational aids for working with natural numbers . 

1) Baseball Game. 

a) Game of baseball to reinforce the basic number 
facts for addition, subtraction, multiplication, 
and division of natural numbers. 

b) Equipment needed: poster paper to make flash 

cards and a color wheel; chalkboard on which to 



draw a ball field and scoreboard. 

(1) Flash cards would consist of the basic 
addition and multiplication facts with 
the inverse operations included. 

Set I Set II Set III 

Single Double Triple 



Set IV 
Home Run 



4 



6 



5 6 



+ 3 



X3 



+ □ X A 

7 42 



(These are just examples 
of increasing difficulty. 




to give the 

) 



Red 

Blue 

Green 

Yellow 

Orange 



idea 



Single 
Double 
Tr iple 
Home Run 
Out 




(3) Scoreboard: 



Inning 


1 


2 


3 


4 


5 


6 


7 


8 


9 


Team 1 




















Team 2 





















c) After choosing three field officials, divide the 
rest of the class into two teams. 

Duties of officials: 

(1) Determine by spinning the color wheel 
the type of hit the batter will attempt 
to make (an out is automatic when spun) . 

(2) Pick the appropriate flash card for 
the batter. 

(3) Keep tally of runs and position of men 
on base. 

As the year progresses the flash cards become 
more difficult: fractions# properties, percent 
equivalents, decimal percent equivalents, etc. 

d) Added Feature: 

If you play baseball and want to hit a home 
run, which is more important, a heavier bat or 
hitting the ball harder? 

Kitting harder is more important than a 
heavier bat in trying to hit a home run. When 
you hit with something twice as heavy, it does 
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twice as much good. But when you hit twice as 
hard, it does 4 times as much good. 

Physics formulas 



E « 




Energy (E) equals half the product of 
the mass (M) times the square of the 
velocity (V) . 

If M is increased 3 times (M) = 3 

2 

If V is increased 3 times (V ) = 9 



2) Nomograph. 

The nomograph, which appears in the Introduction, 
is an excellent device for reviewing addition and 
subtraction of natural numbers. (See page 13.) 

3) Magic squares are excellent for reviewing addition 
and subtraction of natural numbers. (See page 6.) 

4) Suggestions for reviewing Multiplication of Natural 
Numbers . 

a) Lattice Method of Multiplication: 

(1) The use of the lattice method or form is 

simple in its operation because it presumes 



only a Knowledge of the primary multiplica- 
tion facts and the ability to add (no renam- 
ing) . This was ri early method used for 



multiplication. 
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Multiply : 419 x 375 

4 






419 3 digits 

375 3 digits 



5 Therefore: 3 x 3 or 9 squares 

(2) Obtain products of the separate factors and 
write in the corresponding squares the pro- 
ducts with the numeral representing the ones 
digit of the product below the diagonal and 



the tens digit of the product above the 



diagonal . 



The method works because of 



4 19 




419 X 375 - 157,125 



distributive property. 
419 
375 



2700 




300 


X 


9 


3000 


— 


300 


X 


10 


120,000 




300 


X 


400 


630 


= 


70 


X 


9 


700 


— 


70 


X 


10 


28,000 


— 


70 


X 


400 


45 




5 


X 


9 


50 


= 


5 


X 


10 


2000 




5 


X 


400 



157,120 
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(3) The final product is obtained by adding the 
digits in the diagonals beginning with the 
diagonal in the lower right-hand corner and 
adding the numerals in each diagonal until 
all the additions have been performed. 

Numerals are carried into the next diagonal 
row of numerals where necessary as in ordin- 
arv addition. When the numerals thus obtained 
are read from left to right around the lattice 
frame, the product of the two given factors 
is obtained. 

b) Napier's Bones: 

John Napier developed a method of 
multiplication closely related to 
lattice multiplication that is con- 
sidered to be the forerunner of 
modern computing machines. Prepare 
a set of strips (bones) with multi- 
ples of the digits 1 through 9, 
together with an index stick bearing 
each of the numerals 1 to 9. 

The illustration shows the "bone" 
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for 7. 
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To find the product of 8 x 369, place the 
"bones" headed 3, 6, 9, alongside the Index. 




To find the product we read along the diag- 
onals in the row alongside 8 on the Index. 




Therefore: 8 x 369 =* 2952 



The following computation shows how the pro 

duct 427 x 369 is taken from the "bones." 

(400 x 369 + 20 X 369 + 7 X 369) : 

1476 or 2583 

0738 738 

2583 1476 




157563 



157563 
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c) The different patterns in the multipli- 
cation table are fun to discover. See how 





many i 


the s 


W V4 V4V. WW 


ViA A 


find 


and 


explain 


X 


0 


1 


2 


3 


4 


5 


6 


7 


8 


9 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


1 


0 


1 


2 


3 


4 


5 


6 


7 


8 


9 


2 


0 


2 


4 


6 


8 


10 


12 


14 


16 


18 


3 


0 


3 


6 


9 


12 


15 


18 


21 


24 


27 


4 


0 


4 


8 


12 


16 


20 


24 


28 


32 


36 


5 


0 


5 


10 


15 


20 


25 


30 


35 


40 


45 


6 


0 


6 


12 


18 


24 


30 


36 


42 


48 


54 


7 


0 


7 


14 


21 


28 


35 


42 


49 


56 


63 


8 


0 


8 


16 


24 


32 


40 


48 


56 


64 


72 


9 


0 


9 


18 


27 


36 


45 


54 


63 


72 


81 



A few of the patterns that can be found: 

(1) Increasing and decreasing patterns. 

(2) Squaring functions 

(3) Squaring of the binomial pattern 

(4) Patterns on the diagonal 

(5) Fractional equivalents when working with 



rational numbers. 
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C. Properties of natural numbers . 

1) It is suggested ttet the teachers introduce the dis- 
tributive property on the board or overhead projector 
by putting up examples one at a time and asking for 
individual responses (the name need not be used) : 




a) 


(3x4)+ (3 X 


5) 


-> 12 + 15 = 27 


b) 


(6x7)+ (6 X 


3) 


42 + 18 =■= 60 


c) 


(12 X 2) + (12 


X 7) — 


— 


a) 


(11 X 3) + (11 


X 6) — 


+ 


e) 


(9x7)+ (9 X 


4) 


-> 




After several ( 


of these 


exercises are completed 



with the class, the students may see the pattern and 
be ready with an answer as soon as the problem is 
written. At this point pupils are ready to discover 
the distributive property by using this type of 
problem and comparing the answers to the first set 
of exercises. 

3 X (4+5) + 3 X 9 = 27 

6 X (7+3) + 6 X 10 = 60 

12 x (2 + 7) + 12 X 9 = 108 

From comparing the answers, a short cut for solving 
this type of problem may be discovered. Use this 
discovery to solve such problems as: 

(11 X 4) + (11 X 23) + 11 (4 + 23) = 297 
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Now check your result by actual computation. 

44 + 253 = 297 

Now have the short-cut method explained. Explanation 
given by students is usually rough but can be polished 
by the rest of the class with teacher guidance. You 
want the students to realize that the distributive 
property can be used in two ways: 

First: a(b + c) * ab -rac 

Second: ab + ac = a(b t- c) 

The second method is seldom found written in the 
system of natural numbers but is a very important 
concept in algebraic factoring. 

2) Suggested type of homework problems for the distribu- 
tive property: 

a) Show that 3(5 + 4) = (3 X 5) + (3x4). 

b) Using the distributive property rename the 
following sum: 

20 + 25 = (5 X 4) t (5x5)= 5(4 + 5) 

c) Using the distributive property find the 
following product: 

(1) 6 X 53 = 6(50 + 3) = 300 + 18 » 318 

23 x 25 = (20 + 3) (20 + 5) * 20(20 + 5) + 
3(20+ 5) = 400 + 100 + 60 + 15 = 585 



( 2 ) 
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3) Culminating activity: 

5 x 24,736 

Have students discover that the distributive property 
holds for not only a(b + c) but also for 
a(b + c + d + . . .). 

4) Extension of Multiplication Table by using Distribu- 
tive Property. To show: a(b + c) = ab + ac 



a) 


1 


(7) = 7 


f) 


6 


(7) = 42 


k) 


11 


(7) = 77 


b) 


2 


(7) = 14 


g) 


7 


(7) = 49 


1) 


12 


(7) = 84 


c) 


3 


(7) = 21 


h) 


8 


(7) = 56 








d) 


4 


(7) = 28 


i) 


9 


(7) = 63 








e) 


5 


(7) = 35 


j) 


10 


(7) = 70 









(1) Can we use the distributive property and 
the above list to get a value for 17 (7)? 

(2) List some combinations that would give 
17 (7): 

11(7) + 6(7) = 17(7) 12(7) + 5(7) = 17(7) 

9(7) + 8(7) = 17(7) 10(7) + 7(7) = 17(7) 

(3) Let's take the combination 

12(7) + 5(7) - 17(7) 

What is the product of 12(7) as indicated 
on the list? (84) 

What is the product of 5(7) as indicated 
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on the list? (35) 



35 



Will the sum of 84 and 35 equal 17(7)? 

(Yes, but have students multiply to check 
answer . ) 

(4) Look at 9(7) + 8(7) and add their products. 
What is your sum? (119) What do you 
observe? (same answer) 

(5) Do you think we would get this result for 
any grouping of 17 such as 4(7) + 6(7) + 

7(7)? (Add products 23 + 42 + 49 and get 

sum of 119*) 

(6) The sum of the first five products in this 
table will equal how many sevens? 

(Answer: 15(7).) 

(7) The sum of which products in this table 
would be 37(7)? (various results) 

(8) Is multiplication distributive over addition? 
Give an example. 

(9) Is addition distributive over multiplication? 
Does 8 + (7x5) = (8+7) x (8+5)? 
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D. Discover the pattern. 



a 


4 


8 


0 


10 


5 


11 


16 


9 


b 


8 


16 


0 


20 














3 


14 


2 






6 


12 


15 


a 


6 


15 




7 




11 






b 


3 


1 


S 


2 


5 




4 






9 


16 


18 




12 






25 





3 


4 




3 






29 


18 




9 


8 


8 




11 


12 
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a 


6 


6 






9 








b 


3 


2 


4 


O 




5 








18 


12 




18 












25 


19 






25 


92 
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a 


3 


7 


0 


10 


5 


8 


6 


1 


b 


5 


9 


2 
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Rules to be 
discovered: 
2a = b 

a + 8 = b 

2a + 12 = b 
a - b 

a + b 

a - b 
a + b 

ab 

ab + 7 
a + 2 = b 



7) 



2a + 4 - b 



) 



} 



f 



[ 



; 

I 

i 



t 

[ 

\ 



i 




a 


3 


7 


0 


10 


5 


8 


6 


1 


b 


10 


18 


4 













8 ) 



a 


4 


2 


0 


10 


9 


5 


6 


1 


b 


17 


5 


1 


101 













6 


12 






2 






24 




3 


6 


7 






11 


25 




a 


5 


7 


10 


20 


8 


16 


25 




b 


2 


1 


3 


10 








2 



10 ) 





16 


20 


12 


16 






24 






15 


24 
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2 


2 


2 


6 


0 






21 


a 


3 


4 


2 


1 










b 


5 


6 


4 














8 


10 




8 


2 


12 








18 


27 


11 










103 




6 


6 


6 


18 






18 






<; 

u 

£ 




a 2 + 1 = b 

2 (a - b) 
a - b 



2 (a + b) 
ab 

b - a 

a + b 
ab + 3 
3 (b - a) 



CHAPTER III 



INTEGERS 

A. Motivational Experiences for Extending the Number Line . 

1. If students understand the use of the Centigrade and/or 
Fahrenheit thermometer, use one to illustrate the 
rising and falling of temperature. Be sure to 
emphasize numbers below zero. Model thermometers can 
be purchased or made. 

2. Discuss going up and down on an elevator from differ- 
ent floor levels. Ask such questions as, "If you 
start on an elevator at floor A, go up five floors 
and come down six floors, where are you with refer- 
ence to your starting point?" (Answer: one floor 
below A.) Use several examples of this type to 
emphasize the need for numbers other than natural 
numbers. Be sure to include answers that would give 
zero, answers above and answers below the starting 
floor. Ask: "How can we represent numbers above the 
starting point?" "How can we represent numbers below 
the starting point?" "Could all this be represented 
by using a number line?" 

3. In a football game the ball is at the line of 
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scrimmage. On the first play there is a gain of 
seven yards; on the second play, a loss of nine yards. 
Where is the ball in reference to the original line of 
scrimmage? (Use several examples of this type.) 

In reference to a rocket problem, how do we designate 
blast off time? (T or zero) How do we designate 
7 seconds before blast off time? (T - 7) How do we 
designate 7 seconds after blast off time? (T + 7) 

Could we represent this information on a number line? 
B. Concept of * Integers . 

1. Recall the number line with natural numbers. 

1—1 i i i i 

1 2 3 4 5 

a. A is another point as far to the left of 1 as 

2 is to the right of 1. What should we call this 
point? (Answer: Zero or origin.) Emphasize 

that 0 jis the origin or starting point. 

b. How do you think you could locate the point to 

the left of zero which is the same distance as 
1 is to the right of zero? Can you do the same 
for a point 2 units away? 3 units? etc.? Do 
you think you could always find a point the same 
distance to the left of zero as a natural number 
is to the right of zero? NOTE: These "opposite" 

ERIC 
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numbers may be called "additive inverses" in the 
secondary school . 

c. What names can we call these points? (Answer: 

-1, -2, -3, etc.) (If they choose letters, 
show that letters are a finite set and we need 
an infinite set for naming these points.) 

2. In working with the number line it is important to 
stress that movement to the right is in a positive 
direction, and movement to the left is in a negative 
direction. There are other ways of expressing these 
directions . 

Suggested terminology: 



Positive 


Neqative 


Forward 


Backward 


Up 


Down 


Above 


Below 


Gain 


Loss 


Right 


Left 


East 


West 


North 


South 



C. Computations on the Number Line . 

1. Addition: 

An integer may be represented as an arrow. Point 
out the specific meaning of the arrow in this case 
as opposed to the definition of a ray if the students 
are familiar with a ray. The length of the arrow is 
the '‘distance" the integer is from the origin. 

ERjC 
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To add two integers draw the arrow for the first 
integer. Remember that the starting point is the 
origin. Then draw the second arrow with its tail at 
the tip • he first arrow. The tip of the second 
arrow is * (over ) the integer which is the sum of 
the two integers. 

If you do not want to use arrows, you may count 
on the number line. 

a. Examples of addition: Zero (origin) is always 

the starting point. 



1 ) 3+3 = 6 



2 ) 3 + 2=5 



3 ) 3 + 1=4 



4 ) 3 + 0—3 



5 ) 3 + (- 1 ) * 2 



+ 3 



-> 



+ 3 



,i i i l i I l I I -U 

-3 -2 -1 0 1 2 3 4 5 6 



+ 3 



+ 2 



-i i i i i i I I I - 

- 3 - 2-1 0 1 2 3 4 \ 



' — / 



+ 3 1 * 

^ 



<1 I 1 1 — I — i — l 



- 1 t 



- 3 - 2-10123456 



+ 3 






i i I l l .1 ..-1 —1- J. 



- 3 - 2-1 0 1 2 3 



s 



4 5 6 



+ 3 







• 1 


c l I 1 I . J I I — I — 1 — L» 

-3 -2 -1 0 1 2 3 4 5 6 
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6) 3 + (-2) * 1 



+ 3 



-2 



<J 1 1 I I I 

-3 -2 -1 0 1 2 3 4 5 6 



7) 3 + (-3) = 0 



+ 3 



-3 






8) 3 + (-4) = -1 



-3 -2 -1 0 1 2 3 4 5 6 



+3 



-4 



— L I I 1 I I I I I 

-3 -2 -X i 2 3 4 5 6 



9) 3 + (-5) = -2 



-5 



I I I I I i I I I I 



-3 -2 -1 0 1 2 3 4 5 6 



b. Other addition examples: 
1) Add +5 and -7 



+ 5 



■> 



= -2 



-7 






i i M i l l ll ) 

-2-10123456 



2) Add +5 and +2 



+ 5 



- > 



= 7 



I I 



J l_ L 11 11 1 > 



-2-3 01234567 



o 



43 



3) Add -5 and -2 



-2 

< f 



-5 



= -7 

J_1 



^1_L_L_L_I I I — L 

-7 -6 -5 -4 - 3 - 2-1 0 1 2 






4) Add -4 and +4 



-4 



= 0 



+4 



I I I — I — I — I — L 

-3 -2 -1 0 1 2 3 4 5 6 



5) Add +3 and -8 



+ o 



-8 



= -5 



-5 -4 -3 -2 -1 0 1 2 3 



Suggested exercises using the number line. 




Let students discover the rules for adding num- 
bers with like or unlike signs by use of activi- 
ties such as previously mentioned. 

Subtraction: 
a. Definition: 



b = N 


means 


b + 


N = a 


2 = N 


means 


2 + 


CO 

tl 
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+6 






_ J L 


1 I 


J l 


/ - 
1 L_ 



0123456789 
NOTE: Emphasize that the starting point on the 

number line for subtraction is the subtrahend 
and the end point is the minuend. The direction 
will give the sign of the answer and the distance 
between the numbers will give the answer. Stu- 
dents may be unfamiliar with the terms subtrahend 
and minuend; if so, use terms familiar to your 
class . 

b. Let the class discover that the definition of 
subtraction of natural numbers holds for the 



system of integers by use of the following: 
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Problem 

*»/ \To/ 



b) (+8) 



c) (+8) 



d) (+8) 



e) (+8) 



1) Subtraction patterns. Use of number line. 



{*6} = N 



Meaning Number Line 



6 + N - 8 



Answer 



"" 



• (+7) a N .. 7 + N = 8 



<11 l 1 I 1 i i 1.4 

0123456789 

» 1 



< ■ ! , 1 . 1 J L . 1 J-LU 

012345678 



• (+8) = N 8 + N « 8 



= 0 



C 1 1 I . 1 J . J . 1 . - I L> 

012345678 



• (+9) - N 9 + N = 8 



= -1 



Li 1 , L L 1 1 . 1 . I J .» 

0123456789 



* (+10) = N 10 + N = 8 



= -2 



-L 1 1 11 -I- 1 11 1-1 

0123456789 10 
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Problem 



2) Other subtraction examples 
Meaning Number Line 



a) (-8) - (-6) = N -6 + N = -8 



Answer 
= -2 



< -l J — 1 — I — 1 I I I— L» 

-8 -7 -6 -5 -4 -3 -2 -1 0 



b) (-8) - (-8) + N -8 + N = -8 



= 0 



o 



o 









-8 -7 -6 -5 -4 -3 -2 -1 0 



c) (-8) - (-10) = N -10 + N * -8 



= 2 



^-■-1-1- -1 1-11- 11 1 1 I 



-10 -9 -8 -7 -6 -5 -4 -3 -2 -1 0 



d) (+4) - (-6) - N -6 + N = 4 



= 10 



o 



< L I I..1 i I I I I I 1 I 1 ? 

-6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 



e) (+4) - (-4) = N -4 + N = 4 



= 8 



f) (-5) - (+3) = N 3 + N - -5 



<_.L L 1 . J . 1 J , 1 1. L > 

-4-3-2-101234 

= -8 



o 



ERjt 



. 1 _.J 1_J 1 -LJ_> 

-5 -4 -3 -2 -1 0 1 2 3 4 5 
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c. NOTE: Whenever a smaller number is subtracted 

from a larger number, the result is always posi- 
tive. Be sure students understand that we refer 
to numbers, not absolute values. If the larger 
number is subtracted from a smaller number, the 
result is always negative. 

d. Suggested types of practice questions to discover 



rules of 


subtraction: 




1) 


(+3) 


- 


(-2) 


= +5 






(+3) 


+ 


(+2) 


- +5 






(+3) 


- 


(-2) 


= (+3) + 


(+2) 


2) 


(-6) 


- 


(-2) 


= -4 






(-6) 


+ 


(+2) 


= -4 






(-6) 


— 


(—2) 


= (-6) + 


(+2) 



Similar examples will reinforce the idea that 
addition and subtraction are inverse operations. 
Therefore*- subtraction may be defined as "adding 
the additive inverse of the number to be 
subtracted. " 

e. Let the students discover the rules for subtrac- 
ting numbers with like or unlike signs by use of 
activities previously mentioned. 



o 
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3 . 



By extending the homograph, the operations of addition 
and subtraction of integers may be included. 



Nomograph for addition, subtraction of integers. 

a+b=c c - b = a c - a = b 

Ac B 




